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Week 1- Counting - I

Union Rule: |SUT|=|S|+|T|—|SNT]|.

Exercise 1-1: How many integers in A = {1,2,...,300} are divisible by 3 but not
divisible by 77

Product Rule: For finite sets Si, Ss, ..., S, we have

’Sl X SQ X e X Sk‘ = ’Sl‘ . ‘SQ"S]C‘

Exercise 1-2: Let ¥ = {a,b,¢,d,e, f,g} How many words of 5 letters can we make
a) With repetition?
b) Without repetitions?

Exercise 1-3: Let |S| =n, |T| = m. How many functions are there from S to 7?7 How
many are 1 — 17

Permutation: A permutation of a finite set is an ordered list of its elements, with each

element occurring once.

Combination: A combination of n objects taken r at a time is choosing an r element

Clnr) = (:) “ - !7’)!7’!

subset.

Exercise 1-4: There are 15 girls and 18 boys in a class of 33. In how many different
ways can we choose:

a) 5 students?
b) 2 boys and 3 girls?

Exercise 1-5: In how many ways can we order a group of 7 people such that
a) A and B are next to each other?

b) A and B are not next to each other?

c) A and B are next to each other but A and C are not?

Exercise 1-6: For 5 digit integers from 10000 to 99999, how many are palindromes and
what is their sum?

(Answer: 900, 49 500 OOO)



Exercise 1-7: How many 11-letter words can be made from the letters of the word
ABRACADABRA?

(Answer: 83160>

Exercise 1-8: How many n—bit sequences contain exactly k zeros?

Exercise 1-9: How many paths are there from one end of the chessboard to the other,
if we can only move right and up?

Binomial Theorem: For z,y € R and n € N, we have:

<x+w"—ij§ﬂwr

r=0

1
We can prove this using induction and <n + ) = ( " 1) + (n> , but we can also prove
r r— r

it by counting.

Exercise 1-10: Prove that E (n) = 2", (Three different ways)
i
i=0

Exercise 1-11: We will select 4 distinct numbers from the list {—5, —4, -3, =2, —1,1,2,3,4}.
In how many ways can we do this if their product is positive?

(Amwers (0)+ () (2) = (3) =)

Exercise 1-12: In how many different ways can we express 72 as a sum of 2’s and 3’s if
a) Order is not important?

b) Order is important?

Solution:

a) Possible values for number of 2’s: {0,3,6,9,...,36}. Possible values for number of 3’s:
{24,22,20,...,0}. So there are clearly 13 possibilities.

b) If we use n 2’s and m 3’s, and order is important, it means we are permuting n + m
objects. But n of these and m of these can be permuted among themselves, so there are

(n+m)!
n!'m!

different permutations (for this case). Therefore the answer is:

I L R I
20331 " 4130 ' 627! 2213
2 (36— k)




Week 2— Counting - 11

Objects in Boxes: If we want to place n identical objects into k distinct boxes, there

)

different ways. We can prove this by considering permutations of n objects and k — 1
dividers.

are

Exercise 2-1: How many numbers between 1 and 1000 have the property that their
digits sum to 57

(Answer: Place 5 marbles into 3 boxes, (;))

Exercise 2-2: We will select 8 pizzas from 4 available types. In how many ways can we
make this choice?

Exercise 2-3: Twelve $100 bills will be distributed to 4 people.
a) In how many ways can we do this?

b) How does the answer change if each person must receive at least $2007

(Answer: 455, 35)

Exercise 2-4: a) How many ways are there to put 14 objects in 3 boxes with at least 8
objects in one box?

b) How many ways are there to put 14 objects in 3 boxes with no more than 7 objects in
one box?

¢) How many numbers between 0 and 999 have the sum of their digits equal to 207

(Answer: 84, 36, 36)

Exercise 2-5: You can buy a pizza with 5 toppings. There are 8 possibilities for toppings:
Pepperoni, ham, chicken, tuna, mushroom, shrimp, onion, olives.

a) How many different orders are possible if you buy a single pizza?

b) How many different orders are possible if you buy 3 pizzas?

Solution: a) (i) = 56

56+3—1 58
b) Distribute 3 orders to 56 pizza types: ( +3 ) = (3) = 30856

3
Note: The answer = = 29269.33 is close, but obviously wrong. It is not even an integer!

The error is that, if two among the three pizzas are the same, we are not counting this
choice 6 times. We count it only 3 times.



Exercise 2-6: Find the number of solutions to x; + x5 + - -+ + 213 < 10 where
each x; is integer and x; > 0

A 10414 —1 231
NnSWwWer. = —
swe 10 10/ 13!

Exercise 2-7: Find the number of solutions to x; + 3 + - -+ + 13 = 10 where
each x; is integer and x; > 0

A 10413 -1 22!
nswer: = —
10 101 12!

Exercise 2-8: How many numbers in the set {10000, 10001, 10002, . ..,99999} have sum
of digits equal to 207

Solution: Distribute 20 balls to 5 containers randomly. Then subtract the cases where
one gets 10 or more. Then add cases where two gets 10.

()~ () o) + ()

But this number includes the cases where the first digit is zero. So we have to find all
such distributions for 4 containers and subtract:

-0~ OG- (- () -

An easier alternative would be to put one ball to the first container, then distribute
remaining 19 randomly. This method results in:

3)-06) () ()

Exercise 2-9: Find the number of different integers n such that 1000 < n < 9999 and
the sum of digits of n is 9.
(For example 3033, 6012, 1223 etc.)

e () (3)-(2) )

Exercise 2-10: There are 7 departments in a faculty. We will choose 40 students from
the faculty, such that there will be at least 3 and at most 20 students from any department.
In how many different ways can we do this?

Solution: Give 3 to each. Distribute remaining 19 to 7 randomly, using 19 balls and 6
lines:

25!
19! 6!
Now subtract those cases where one gets 19 (total 22) or 18 (total 21):

= 177100

177100 =7 —7-6 = 177051



Exercise 2-11: Consider all 4 digit numbers made from digits {1,2,3,4,5,6,7}.
How many have nondecreasing digits?
(1234, 1222, 4444, 5667 are possible, 1231, 7512, 3776, 5553 are NOT)

Solution: We can choose and order:

7
4 distinct numbers in 1) = 35 different ways. (Example: 1246)
7
3 distinct numbers in 3(3) = 105 different ways. (Example: 1244,1224,1124)

7
2 distinct numbers in 3(2) = 63 different ways. (Example: 1112, 1122,1222)

1 number in 7 different ways. (Example: 1111)

So the answer is: 35+ 105+ 63 + 7 = 210
Second Method:

Suppose nﬂ is a solution. Consider ’ a \ b—a \ c—b \ d—c ‘ All these num-
bers are positive or zero, their sum is at most 7. So this is a problem of distributing 7

balls to 5 children (one takes extra balls) such that the first gets at least 1.

(64+5—1)!

om 210



Ordered Partitions: If a set has n elements and if ny + ny + - -+ + nx = n, then there

are
n!

nilng! -+ - ny!

ordered partitions, where the i** partition has n,; elements.

Exercise 2-12: There are 30 students in a classroom. The instructor will form 4 groups
of sizes 4, 7, 9 and 10, and give them homeworks from logic, sets, divisibility and counting.
In how many ways can this be done?

Multinomial Theorem: The expression —————— is called a multinomial coefficient

nl!nQ! s nk'
. n
and written as .
nl n2 “ . nk

For x1,2z9,..., 2, € R and n € N we have

n
(1 +xa+ - +ap)" = g (n . . )x’flx?m’zk
LNy -

T1+xTp=n

Exercise 2-13: Find the coefficient of 2% in the expansion of (1 + z? + z4)!°.

00 100 10!
wel Tars o 615)

(Answer:

Exercise 2-14: Find the coefficient of 22y°2® in the expansion of (z — 5y + 24)°.

10! (—5)6
(AHSWGI'. W



Week 3— Logic

Proposition: A proposition is any sentence that is either true or false.

Negation: If P is a statement, the negation of P (—P) is the statement ” P is false.”
Let P and @ be propositions. P A () means both P and @ are true, PV () means P is

true or @ is true. (or both).

Truth Tables: We can summarize the possible values of a compound statement using

a truth table. Here, 1 means ”True” and 0 means ”False”.

P|-P
110
01

PlQ|PAQ PlQ|PVQ
11| 1 11| 1
1ol o 1lo] 1
0l1]| o ol1] 1
0lo| o 0olo| o

Logically Equivalent Statements: If two statements are both true or both false, we

say they are logically equivalent. For example, =(PAQ) is logically equivalent to =PV —(Q)

and —(P V Q) is logically equivalent to =P A =Q).

Exercise 3-1: Show that p A (¢ V) is logically equivalent to (p A q) V (p A 7).

Tautologies and Contradictions: A statement that is always true is called a tautology,

a statement that is always false is called a contradiction. For example, PV =P is a
tautology, P A =P is a contradiction.

Implication and Biconditional: The statement P — @ (P implies @) is the statement

"If P is correct, then @ is correct”. The statement P <= @ (P if and only if ()) means
P and @ are logically equivalent, that is, they are either both true or both false.

PlQ|P—Q PlQ|P << Q
111 1 111 1
110 0 110 0
01 1 0]1 0
01]0 1 0]0 1

Exercise 3-2: Construct a truth table for the following:

a) (pANq) —=p
b) (p = q) — (¢ — p)

Exercise 3-3: Show that p — ¢ is logically equivalent to —p V q.



The Laws of Logic

.—|ﬁp<:)>p

e ~(pVq) <= —pA—q
—(pAq) <= —pV—q

e pVq <= qVp, PAq = qAD,

e pV(gVr) <= (pVqVr, pAgAT) = (pAg) AT

e pV(gAr) <= (pVa@)A(pVr), pA(gVr) < (PAgV(pAT)
e pVp & p, pPAp =D

e pV —p <= Tautology, pA-—-p <= Contradiction

Exercise 3-4: Simplify (pV q) A =(—p A q)
Converse: () — P is the converse of P — ().

Contrapositive: =() — —P is the contrapositive of P — (). If an implication is correct,

can we say its converse and contrapositive are also correct?
Exercise 3-5: Show that P <= ( is logically equivalent to (P — Q) A (Q — P)

Exercise 3-6: What is the negation of P — Q7

Universal and Existential Quantifiers: Yz P(z) means the statement P(z) is correct

for all z. 3z P(x) means there exists at least one x for which the statement P(z) is correct.
-(Vz P(x)) <= Jz -P(x)

—(3z P(z)) <= Vz -P(z)

Exercise 3-7: Find the negation of the following:
a) All odd numbers are prime.

b) Some 4th year students are taking this course.
Exercise 3-8: Show that PV (Q A R) is equivalent to (PV Q) A (pV R)

Exercise 3-9: Prove or disprove the following:
a)Vr e R, (z+1)? > 22

b) In € Z,5|n* — 2

c) Vn € Z,6|n* — n?

10



Exercise 3-10: Let P be the statement n is a multiple of 4 and Q be n? is a multiple
of 4. Which of the following are true?

a) P—Q
b) Q@ — P
c) P = @
d) P — —Q
e) -Q — —P

(Answer: a), e) are true, the others are false).

Exercise 3-11: Give converse and contrapositive of following statements:
a) p=(q¢Ar)

b) If z +y < 10 then 22 + 32 < 100

Solution:

a) Converse: (A1) =p
Contrapositive: —qV —r = —p

b) Converse: If 22 + y* < 100then z + y < 10
Contrapositive: If 22 + y? > 100 then z 4+ y > 10

Exercise 3-12: Convert into logical notation: If he listens Shakira, he feels good. If
Fenerbahce wins, he feels good. He feels good now, therefore either he is listening to
Shakira, or Fenerbahce won today.

Is this correct?

(Answer: (p=r)AN(g=r7r)=1[r=(pVaq), No)

Exercise 3-13: Show that p — (¢ V r) is logically equivalent to (p A —q) — r
a) Using a truth table,
b) Without using a truth table.

Solution:
p g rigVr p—=(@Vr)|[pA—-q (pA—g) —r
11 1] 1 1 0 1
110 1 1 0 1
10 1] 1 1 1 1
100 0 0 1 0
01 1| 1 1 0 1
010/ 1 1 0 1
00 1| 1 1 0 1
000 0 1 0 1

11



Fifth and seventh columns are identical.
Alternatively, we can show equivalence as:

—pV(qgVr)

p—(qVr) <=
< (pVaqVr
—
—

“(pA—q)Vr
(pAN—q) =

Exercise 3-14: Show that (pV q) — (¢ — q) is a tautology
a) Using a truth table,
b) Without using a truth table.

Solution:
pla|pValg—q| (Vg = (g—q)
11 1 1 1
1o 1 1 1
01| 1 1 1
0/0| 0 1 1

Alternatively, we can show tautology as:

(pVa)— (—qVaq)
(pVaq) —1
=(pVq) V1

(pVaq) —(¢g—q)

(N

Exercise 3-15: For the following statements the universe is real numbers. Are they
correct? Explain.

a) Vady(z* +y* =1)
b) JaVy(z? +y? =1)

c) JxTy(a? +y* = 1)
Solution:

a) NO.
If 2 = 2 there is no y € R such that 22 + y? = 1.

b) NO.
There is no x € R such that z2 + 5% = 1.

c) YES

x =0,y = 1 is one of the possible choices satisfying z? + 3* = 1.

12



Exercise 3-16: Express the following in logical notation. Is the reasoning correct?
e [f there is a homework on Friday, I do not go to the movies on weekend.
e If I go to the movies on weekend, I have no money left on Monday.

e [ have no money left on Monday. So there was no homework on Friday.

Solution: f: There is a homework on Friday
w: I go to the movies on Weekend
m: I have some money left on Monday
The given statements are:
f — —w
w o — —m
-m — ~f

The reasoning is wrong. It is possible that f is TRUE, w is FALSE and m is FALSE.
This makes the first two assumption TRUE but the conclusion FALSE.

Exercise 3-17: A student says If I miss the bus and there is an exam in the morning,
then I am in trouble. Express this in logical notation. Find the contrapositive of this
statement.

Solution:
P : T miss the bus
@ : There is an exam in the morning
R : 1T am in trouble
The statement is equivalent to:
(PANQ)— R

Its contrapositive is:

~R = (~PV Q)

In other words, If I am not in trouble, then either I didn’t miss the bus or I did not have
an exam in the morning.

Exercise 3-18: Let m,n be positive integers. Are the following statements true or false?
(No explanation necessary)

a) VYn Im [n = m?]
b) Vn Im [m = n?]
c) In Im [n = m?|

d) In Vm [m = n?|

13



Exercise 3-19: Show that [(p A =¢) Ar] — [(p A7)V q] is a tautology or provide a
counterexample.

Solution:
plg|lr|pA—gAr|(pAT)Vgq|S
11111 0 1 1
11110 0 1 1
1101 1 1 1
11010 0 1 1
O(1/1 0 0 1
0110 0 1 1
0101 0 0 1
01010 0 0 1

The statement is correct for all possible truth values of p, ¢,r. Therefore it is a tautology.

Exercise 3-20: Show that [(p A —¢) A [p — (¢ — r)]] — —r is a tautology or provide a
counterexample.

Solution: We can solve this question with a truth table. Or, alternatively, we can do
this: If the implication is wrong, first part must be true, so p = 1,¢ = 0. The second part
must be false, so » = 1. This is the counterexample we want: (1,0, 1).

The statement is NOT a tautology.

14



Week 4— Induction

Well-Ordering Principle: Every nonempty subset of Z* contains a smallest element.

First Principle of Mathematical Induction: Let P(n) be a proposition about the

positive integer n. If

(I) P(1) is true,

(IT) P(k + 1) is true whenever P(k) is true, (for k > 1)
then the propositions P(n) are true for all positive integers.

Second Principle of Mathematical Induction: Let P(n) be a proposition about the

positive integer n. If

(I) P(1) is true,

(IT) P(k+ 1) is true whenever P(7) is true for every positive integer i < k

then the propositions P(n) are true for all positive integers.
We can modify these principles such that the induction will start from ng rather than 1.

n(n+1)

Exercise 4-1: Show that Zz = 5
i=1

n(n+1)(2n+1)
6

Exercise 4-2: Show that Z P2 =

i=1
Exercise 4-3: Show that n® + (n+1)3 + (n + 2)3 is divisible by 9 for all n € Z™.

Exercise 4-4: Show that (z 4+ y)" = Z (n) 2"y

Exercise 4-5: Fibonacci sequence is defined as: F} =1, F, =1, F, = F,_1 + F,,_5. The
first few terms are 1,1,2,3,5,8,13,21,.... Show that the formula

(=) (7))

15

1

Fp=—
V5

is correct for all n.



Exercise 4-6: Show that the sum of the interior angles of a polygon of n sides is m(n—2).
(Hint: Start with the triangle and use induction)

Exercise 4-7: Prove the following statements: (n € Z)
a) 16]5" — 4n — 1

b)Y > i

c) (2n)! = 2™n!

Exercise 4-8: Can we divide a class of n students into groups of 4 or 57
Exercise 4-9: Prove that 5" +2-3" + 1 is divisible by 8 for all n € N.
Exercise 4-10: Prove that 11™ — 4" is divisible by 7 for all n € Z™.
Exercise 4-11: Prove that n! > 2™ for n > 4.

Exercise 4-12: Show that 8"2 + 927+! ig divisible by 73 for n € N.

Solution: n=0 = 73|64+9
Assume it is correct for n = k, in other words 73 | 82 + 921 Then

852 4 92k+1 — 73p  where p is an integer

Now check the case n =k + 1:

8k+3 + 92k’+3 — 8 X 8k’+2 + 81 X 92/€+1

— 8 . 8k’+2 + 8 ) 92k‘+1 + 73 . 92k‘+1

= 8-T73p+4 73 9%

Therefore 83 4 92643 — 73¢ for some integer ¢ and the claim is correct by mathematical
induction.

16



Exercise 4-13: Show that 44+ 10416+ --- 4 (6n +4) = (n+ 1)(3n +4) for all n € N.

Solution: n=0 = 4=4
Assume it is correct for n = k:

4410+16+4---+ (6k+4) = (k+1)(3k +4)
Now check n =k + 1. Add 6(k + 1) + 4 to both sides and rearrange to obtain
44+10+ 16+ + (6k +4) + (6k + 10) = (k+2)(3k +7)

Therefore the formula is correct by mathematical induction.

Exercise 4-14: Show that 23 |9 - 23"~1 4 10%"~! for all positive integers n.

Solution: For n — 1, 9-22 4+ 10! — 46, 23 ‘ 46.

Assume the claim is correct for n = k. Then 9 - 23%~1 4 102~ = 23p for some integer p.
Forn =k + 1:

9. 23(k+1)—1 4 102(k+1)—1 = 0.8. 93k—1 +100 - 102k—1

8. (9. 231 1 102%6-1) 4 92. 1021
8-23p+4-23-10%1

= 23q

for some integer gq. Therefore by mathematical induction, 23 |9 - 23%=1 4 102!

Exercise 4-15: Show that 10 | n° — n for all n € Z™.

Solution: Let n = 1. We know that 10 | 0 so the statement is correct for n = 1.
Suppose it is correct for n = k, in other words, assume 10 | k°> — k, or k> — k = 10p
where p is an integer.

(k+1P°—(k+1) = k°+5k"+10k> + 10k* +5k +1 —k — 1
= (K° — k) +5k(k* + 1)+ 10(k* + k?)
= 10p + 5k(k* + 1) + 10(k* + &k?)
= 10q + 5k(k® + 1)
Where ¢ is an integer. Either k is even, or k* + 1 is even, in both cases 5k(k* + 1) is a

multiple of 10. Therefore
(k+1)° = (k+1)=10r

For some integer r. In other words

10 | (k+1)> — (k+1) by mathematical induction.

17



Exercise 4-16: Show that (1 + )" > 1+ nz where n =1,2,3,... and x € RT.

Solution: For n =1 we have (14 z) > 1 4 x so the statement is correct for n = 1.
Assume that it is correct for n = k, in other words:
(1+2) > 14 ko
Multiply both sides by (1 + z):
(1+2) > 1+ kx)(1 4 2)

(1+2)" > 1+ ka + 2 + ka?

If we eliminate kz? , the inequality will not change sides.
I+ =1+ (k+ 1z

By mathematical induction, the formula is correct for all n € Z*.

Exercise 4-17: Show that
1
1-242-34+---+n-(n+1) :§n(n—|—1)(n—|—2)

for allmn € Z+.

Solution: Forn =1 we have 1 -2 =2 = % -1-2-3 o0or 2 =2 so the statement is correct
for n = 1.

Assume that it is correct for n = k, in other words:
1
1-242-3+---+k-(k+1) :gk(k+1)(k+2)
Add (k + 1)(k + 2) to both sides:

124234+ k- (k+ D)+ (k+1) - (k+2) = k(k+D(k+2)+(k+1)- (k+2)

oWl

b+ 1)k +2) EkJrl]

(k+1)(k + 2)(k + 3)

W

By mathematical induction, the formula is correct for all n € Z™.

18



Week 5— Prime Numbers, Integers

Definition: If n € Z*, n > 1 and n has exactly two divisors, 1 and n, it is called a prime
number.

Theorem: (Euclid) There are infinitely many primes.

Exercise 5-1: Write an algorithm that makes a list of prime numbers up to a given
number.

The Division Algorithm: Let n € Z and m € Z*. There are unique integers ¢ and r

such that
n=mq-+r 0<r<m

Definition: Let a,b be integers, not both zero. A positive integer c is called a greatest
common divisor of a and b if

1)c|laandc|b

2) If d is another common divisor of a and b, then d | c.

Theorem: Let a,b € Z*. Then, there exists a unique ¢ € Z* that is the greatest common
divisor of a and b. Furthermore, there exist x,y € Z such that ¢ = ax + by.

Proof: Let S = {as+ bt | s,t € Z,as + bt > 0}. Let ¢ be the least element of S. Let’s

divide a by c.
a=qc+r

Then r =a —qc = (1 — qr)a+ (—qy)b. If r > 0,7 € S But also r < ¢ which contradicts
the choice of ¢. Therefore r = 0 in other words ¢ | a. Similarly, we can prove ¢ | b.
If ged(a, b) = 1 we say a and b are relatively prime.

Exercise 5-2: Prove that ged(n,n +2) =1 or 2.

Euclidean Algorithm

Euclidean algorithm is a very fast way of finding ged.

Theorem: If m and n are integers with n > 0 then the common divisors of m and n are
the same as common divisors of n and m mod n. Therefore ged(m,n) = ged(n, r) where
r=m (mod n)

Proof: Let m = ng+r. If d | m, d | n, then d | r and conversely if d | n, d | r, then

d | m. This means that, common divisors of (m,n) and common divisors of (n,r) are
identical sets.

19



Algorithm:

Input: m,n € N, not both zero
Output: ged(m,n)
a=m,b=n

while b # 0 do

(a,b) = (b,a mod b)

return a

Example: m =49, n =19
49—-2-19 =

19—-1-11

11-1-8

8§8—-2-3

3—1-2

Il
— N W oo

We can see that ged(49,19) = 1 which means they are relatively prime. Now reversing
this process we obtain:

1 = 3—1-2
- 3-1-8—2-3)
— —1-8+3-3
= —1-843-(11—-1-8)
= 3.11-4-8
= 3-11—4-(19—1-11)
= —4.1947-11
= —4-1947-(49—-2-19)
= 7-49-18-19

Thus we have found two numbers (z,y) = (7, —18) such that 49z 4+ 19y = 1.

Exercise 5-3: Find ¢ = ged(111,81). Then find x,y € Z such that 111z + 81y = c.

(Answer: —8-111+11-81 = 3)

Exercise 5-4: Find two integers m,n such that
234m +677n =1

(Answer: m =298, n = —103)

20



Exercise 5-5: a) Find the greatest common divisor of 612 and 221.
b) Find two integers z,y such that 612x + 221y = ¢, where ¢ = ged (612, 221).

Solution:

a)
612 —-2-221 = 170

221 -1-170 = 51
170 -=3-51 = 17

201 —-3-17 = 0
ged(612,221) = 17

b)
17 = 170 -3-51

— 170 — 3- (221 — 170)
= —3.22144-170
= —3.2214+4-(612—2-221)

17=4-612—-11-221

Theorem: Every integer n > 1 can be written as a product of primes uniquely, up to
the order of primes.

Exercise 5-6: How many positive divisors does 240 have?

Exercise 5-7: How many positive divisors does 148500 have?

(Answer: 96>

Exercise 5-8: There are 100 prisoners in a prison, each in a separate cell. Each pressing
of a button outside opens the door if it is locked and locks the door if it is open. On
the day of a festival, the first guard presses each button to free the prisoners. Then,
the second one presses {2,4,6, ...}, the third one {3,6,9,...} etc. until the 100th guard
presses number 100. Which prisoners are free?

Exercise 5-9: Find smallest integer n such that 1260n is a cube.
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Exercise 5-10: Find smallest integer m such that 2m is a square and 3m is a cube.
(Answer: 72)

Exercise 5-11: (3,5,7) is a prime triple. Find another one if there is. Prove that there’s
no other if there is not.

(Answer: mod 3)

Exercise 5-12: You have two containers, one is a 3 liter and the other is a 5 liter
container. You have unlimited amount of water, and can transfer between the containers.
Can you obtain amounts of 1,2,4 liters? What if we begin with 3 and 67

Exercise 5-13: Find ¢ = ged(128,38). Then find z,y € Z such that 128z + 38y = c.

(Answer: —8-128 +27-38 = 2)

Exercise 5-14: Determine the smallest square number that is divisible by 8.

Solution: 8! =27-32.5.7 = n=2.5-7-8!=(2*-3.5.7)% = 16807

Exercise 5-15: Find the number of divisors of 51975.
Solution: 51975 =3%-52.7.11
It has4-3-2-2 = 48 divisors.

Exercise 5-16: Are the following statements true or false? Here, x,y, z are integers.
Explain.

a) Vo dy Iz (x = 3y + 82)
b) Vz 3y 3z (z = 2y + 82)

Solution: a) We can express the number 1 in terms of 3 and 8:
1=3-3—-1-8
Therefore we can express any integer x in terms of 3 and 8.

r=3-3xr—1-8z = TRUE

b) We can not express an odd integer in terms of 2 and 8. For example, if z = 5, there
is no y, z, such that 5 =2y +8z = FALSE.
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Week 6— Relations, Functions

Given sets S and T, a binary relation from S to T is a subset of S x T
R={(s,t)|seS,teT and ...}

If s is related to ¢t we say sRt or (s,t) € R.
Let R be a relation on S, that is, R C S x .S. We say R is:

Reflexive if (z,2) € Rfor allz € S
Symmetric if (z,y) € R implies (y,x) € R
Antisymmetric if (z,y) € R and (y,z) € R implies x = y

Transitive if (z,y) € R and (y, z) € R implies (z,2) € R

Exercise 6-1: Let S = {1,2,3,4,5}. Find arelation R on S that is symmetric, transitive,
not reflexive and not anti-symmetric.

(Answer: {(1,2),(2,1),(1,1), (2, 2)})

Exercise 6-2: Let S = {1,2,3,4,5}. Find a relation R on S that is anti-symmetric,
reflexive, not transitive and not symmetric.

(Answer: {(1,1),(2,2),(3,3),(4,4), (5,5),(1,2), (2, 3)}>

Equivalence Relations: A relation R on a set A is called an equivalence relation if it is

reflexive, symmetric and transitive.
If R is an equivalence relation, we write a ~ b (a is equivalent to b) instead of aRb.
Let ~ be an equivalence relation on a set S. For each s € S we define the equivalence
class of s as:

[s]={te S|t~ s}

Theorem: The following are logically equivalent:
I)s~t

M) [s] = [{]
III) [s]N[t] # @

Theorem: An equivalence relation determines a partition, and a partition determines
an equivalence relation.
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Exercise 6-3: For the following questions, determine whether the given relation is re-
flexive, symmetric, transitive, anti-symmetric:

a) The relation R is defined on the set of lines on the plane as Ly RLy if Ly L Ls.

(Answer: Symmetric)

b) The relation R is defined on the set of lines on the plane as Ly RLs if Ly || Lo.

(Answer: Reflexive, symmetric, transitive.)

c) The relation R is defined on the set of people as p;Rps if p; and ps have a common
parent.

(Answer: Reflexive and symmetric. )

d) RCZxZ, mRnifm= —n.

(Answer: Symmetric.)

e) RCR xR, zRyif |z —y| <1

(Answer: Reflexive and Symmetric.>

f) R is a relation on P(.S) for some set S, (A,B) € Rif A C B.

(Answer: Reflexive, antisymmetric, transitive.>

g) R is a relation on N, (m,n) € R if m | n.

(Answer: Reflexive, antisymmetric, transitive.)

Exercise 6-4: A relation R is defined on the Cartesian plane as (x,y)R(z, w) if zw = yz.
Is this an equivalence relation?

(Answer: Yes)

Exercise 6-5: Let n = abed denote a four digit number.

a) Show that 9|n if and only if
a+b+c+d

b) Show that 11|n if and only if
1la—=b+c—d

(Answer: Consider n in mod 9 and mod 11.)
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FUNCTIONS

A function f: A — B gives one and only one output from B for each input from A.
The set A is called domain of f.

Composition: Function composition is defined as (f o g)(x) = f(g(z)).

In general fog # go f but (fog)oh = fo(goh). (Function composition is associative
but it is not commutative)

One—to—one Functions: If f(z1) = f(x2) = 21 = 5 then f is one-to one.

Onto Functions: If there exists a z € A for all y € B such that f(z) =y then f is onto.

Exercise 6-6: Find functions f : N — N that are:
a) One-to-one and onto.

b) One-to-one but not onto.

c) Onto but not one-to-one.

d) Not one-to-one and not onto.

Bijections: If a function is one—to—one and onto, we call it a one—to—one correspondence

or a bijection.

Exercise 6-7: let f: B—>C, g: A— B, fog:A — C. Either show that the
following propositions are true, or give counterexamples:

a) If f o g is one-to-one, then, f is one-to-one.
b) If f o g is one-to-one, then, g is one-to-one.
c) If f og is onto, then, f is onto.
d) If f o g is onto, then, g is onto.

Theorem: Let f: A— Bandg: B — C.
a) If f and g are one-to-one, then g o f is one-to-one.

b) f f and g are onto, then g o f is onto.
Theorem: A function f: A — B is invertible if and only if it is one-to-one and onto.

Theorem: If f: A — B and g: B — C are invertible, then go f : A — C is invertible
and

(gof) t=flog™

Theorem: Let f: A — B where A, B are finite sets with |A| = |B|. Then, the following
are equivalent:

a) f is one-to-one.
b) f is onto.

c) f is invertible.
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Exercise 6-8: Let f:[0,2] — [—4,0], f(x) = 2? — 4z. Find the inverse of f.
(Answer: [l r)=2—-V4+ x)

Exercise 6-9: For the following questions, describe a bijection (one—to—one correspon-
dence) between the two given sets:

a) 40-bit sequences containing exactly 23 zeros and possible paths from (0,0) to (17,23)
consisting of right and up steps of length 1.

b) n—bit sequences and all subsets of a set containing n elements.

c) 20-bit sequences containing exactly 4 one’s and different ways of distributing 16 mar-
bles to 5 different kids.

d) 110-bit sequences with exactly 10 ones and solutions over N to the equation 1 + x5 +

Exercise 6-10: Let A ={1,2,3} and B = {a, b}.

a) How many functions are there from A to B?

b) How many one-to-one functions are there from A to B?
¢) How many onto functions are there from A to B?

d) How many one-to-one onto functions are there from A to B?

Exercise 6-11: Same question, this time for |A| = m and |B| = n (Number of elements).
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Week 7— Pigeonhole Principle

If a finite set S is partitioned into k sets, then at least one of them has

[151/K]

or more elements.

Example: A sack contains 50 marbles of 4 different colors. There must be at least 13
marbles of the same color.

Exercise 7-1: How many times must we roll a single die to get the same score n times?

(Answer: 6(n—1)+1=06n— 5)

Exercise 7-2: Let A be a 10—element subset of {1,2,3,...,50}. Show that A has two
different 4—element subsets the sums of whose elements are equal.

(Answer: Consider (140)>

Exercise 7-3: Show that in any set of 301 integers there must be a pair (m,n) such that
300|m — n.

(Answer: Use pigeonhole principle)

Exercise 7-4: We select 5 points from (the interior of) an equilateral triangle with side
length 1. Show that there are at least two whose distance is less than 1/2.

Exercise 7-5: Show that if any 14 integers are selected from the set S = {1,2,3,...25}
there are at least two whose sum is 26.

Exercise 7-6: Let A =1{1,2,3,...,10} and B = {1,2,3,...,12}. How many one-to-one
functions are there from A to B such that f(1) =17

11!
Answer: 1-11-10-9...3:7

Exercise 7-7: Let A ={1,2,3,...,10} and B = {1,2,3,...,12}. How many functions
are there from A to B such that f(1) is even?

(Answer: 6 - 129>

Exercise 7-8: The function f : N — Nis given by f(n) = 2". Is this function one-to-one?
Is it onto? Explain.

Solution: This function is one-to-one. Clearly, if ny # ng then 2"t £ 2m2
In other words f(ny) # f(ns).

This function is NOT onto. There is no n € N such that 2" =3 or 2" =5,6,7,9 etc.
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Exercise 7-9: Consider the set S = {1,2,3,...,20} on the number line. Define a re-
lation R on S as follows: two numbers x,y are related if |x — y| < 2. For example,
(2,3) € R, (2,4) € R but (2,5) ¢ R. Is this relation reflexive? Is it symmetric? Is it
antisymmetric? Is it transitive?

Solution: The relation R is:
Reflexive, because |z — x| = 0 <
Symmetric, because if |z — y| < 2 then |y — x| < 2
NOT Antisymmetric, because (2,3) € R and (3,2) € R.

NOT Transitive because (2,4) € R and (4,6) € R, but (2,6) ¢ R.

Exercise 7-10: There are 4000 students in a university. Can we say with certainty that
there are 12 students with the same birthday? Explain.

Solution: NO.
366 x 11 = 4026 > 4000. Therefore it is possible to distribute 4000 people to 366 groups
such that each group contains 11 or fewer people.

Exercise 7-11: Let A ={3,6,9,...,99} and B = {2,4,6,...,100}.

a) How many functions are there from A to B?

b) How many one-to-one functions are there from A to B?

¢) How many functions are there from A to B that take multiples of 10 to multiples of

107 (For example, f(30) = 20, f(60) = 60 etc.)

Solution: a) 503

50!
b) ——— =50-49---18
) (50 — 33)!

c) 103 50%°

Exercise 7-12: Assume a country has a population of 74 million. There are 100 cities
and 20 football teams in this country. Everyone lives in a city and supports one team.
We can certainly find 2 or 3 people who have the same birthday, live in the same city and
support the same team.

What is the maximum number of such people that we can always find?

Solution: There are 74 million people and 366 x 100 x 20 = 736 000 categories. If we
distribute all people there will be

74 000 000

= 101.
736 000 01.09

people per category on average.
[101.09] = 102

By pigeonhole principle, at least one category will certainly contain 102 people.
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Week 8 Inclusion and Exclusion

The Principle of Inclusion and Exclusion: Consider a set S with |S| = N and con-
ditions ¢y, co, . . ., ¢, on the elements of S. The number of elements of S that satisfy none
of the conditions ¢; is given by:
N(cicg...cm)= N
—[N(e1) + -+ N(cm)]
+[N(cic2) + -+ -+ N(cm—1cm)]
—[N(creae3) + - -]

(—=1)"N(cica...cm)

Proof: Consider an element that satisfies r of these conditions. then we are adding it

)G () oo

times. That is, 0 times.

Exercise 8-1: Determine the number of positive integers n where 1 < n < 100 and n is
not divisible by 2,3 or 5.

(Answer: 100—50—33—20+16+10+6—3:26>

Number of Elements in Set Intersections

How can we find the number of elements in Ay UA;U---UA,”
Add all the sets, then subtract intersections of two sets, then add intersections of three
sets etc.

Exercise 8-2: Find the number of integers in {1,2,...,1000} that are divisible by 6,7
or 9.

IDsUD;UDy| = |Dg|+ |Ds| +|Ds| — | Ds N Dy — | Dg N Do| — |Dy N Do| + | Dg N Dy N Do

= |Dg| + |D7| + |Dg| — |Da2| — |D1s| — | Des| + | D126|

Exercise 8-3: In how many ways can we divide 12 students into 3 sets with one set
having 2 and others having 5 students?

(Answer: 8316)
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Exercise 8-4: In how many different ways can we factorize 156009, where each factor is
greater than 1 and order is not important?(Hint: 156009 =3-7-17-19 - 23)

(Answer: 51 =15+25+10 + 1)

Exercise 8-5: In how many ways can three x’s, three y’s and three z’s be arranged so
that no consecutive triplet of the same letter appears?

9! 7! 51 |
(Answer: Saral 3 TE] + 3 3 3! = 1314)

Exercise 8-6: How many numbers from the set S = {1000, 1001, ...,9999} have at least
one digit 0, at least one 8 and at least one 97

(Answer: 9000—94—8-93—8~93+84+84+7~83—74_15o>

Exercise 8-7: In how many different ways can we distribute 15 identical marbles to 5
different children such that each child has at least one and at most 4 marbles?

(mmvers (o) = (1) (5) + () ) =)

Exercise 8-8: On a graph, we will connect 5 distinct vertices with 4 edges such that no
vertex will be isolated. In how many different ways can we do this?

e 2= () ()2 (- (e~ ()

Exercise 8-9: Six married couples will be seated at a circular table. In how many ways
can we do this such that no wife sits next to her husband?

(Answer: 12771 840)
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DERANGEMENTS

In a derangement, nothing is in its natural place.

Exercise 8-10: Find the number of permutations of n such that no number is in its
correct place for n = 2,3, 4, 5.

(Answer: 1,2,9, 44)

Exercise 8-11: A secretary mails 10 letters without checking the envelopes for correct
address. What is the probability that all letters are sent to wrong locations?

10 10 10 1
. | — | | | | ~ =
(Answer. {10. (1 )9. + (2 )8. +- (10)0} /10! e)

Exercise 8-12: If we distribute 9 exam papers to 9 students randomly, what is the
probability that none of them receives his/her own paper?

9!—9-8!+®-7!—@)-6!+---+<2)-1!—(3)-0!

If we divide this by the total number of distributions 9!, we obtain

The case where at least one gets correct paper has probability ~ 1 — %

31



STIRLING NUMBERS

The number of different ways to distribute m distinct objects to n identical containers,
with no container left empty is S(m,n)

m\n|l 2 3 4 5 6
1 1

2 1 1

3 1 3 1

4 1 7 6 1

5) 1 15 25 10 1
6 1 31 90 65 15 1

If we construct this table’s a few rows carefully, we will notice that
S(m,n)=S(m—1,n—1)+nS(m—1,n)

This can be solved to give:

Exercise 8-13: How many onto functions are there from A to B?
For |A| = m, |B| = n, there are n!S(m,n) onto functions from A to B. (If m > n).

Another way to express the same formula is:

Exercise 8-14: In how many ways can we distribute 7 distinct problems to 4 distinct
students?

e ()2~ (= ()~ ()=o)

Exercise 8-15: How many numbers from the set S = {1,2,...,1000} are divisible by at
least one of the numbers 3, 5 or 117

(Answer: 333 +200+90—-66 — 30— 18+ 6 = 515)
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Exercise 8-16: Consider all strings of 4 letters made of letters {v,w,x,y,z}. Some
examples are xyvw, xxyy, zyvz. How many of them contain at least one x, at least one y
and at least one z7

(Answer: 58— 3.4 +3.3* — 21 = 84)

Exercise 8-17: Turkish alphabet has 29 letters, {A, B,C, ..., Z}. Clearly, there are 29!
permutations of this set. How many of these permutations do not contain any of the
words AYSE, MERT, NUR or CANSU?

Solution: The number of permutations is:

29! (All permutations)
—26! (Contains AYSE)
—26! (Contains MERT)
—27! (Contains NUR)
—25! (Contains CANSU)

+24!  (Contains both AYSE and NUR)
+22!  (Contains both MERT and CANSU)

Exercise 8-18: 8 students, Nilay, Ozgiir, Arda, Cansu, Kiibra, Merve, Mert and Gizem
will sit around a circular table.

e Arda and Mert want to sit next to each other.

e Merve and Nilay do NOT want to sit next to each other.
e Cansu and Kiibra do NOT want to sit next to each other.
e Merve and Cansu do NOT want to sit next to each other.

In how many different ways can they be seated?

Solution: Consider Arda and Mert as a single person. Thus, there are 7 persons, but
this is a circular table, so there are a total of 6! arrangements.

Now we have to subtract cases where M-N, C-K or M-C are together, add the cases
both M-N and C-K, or both M-N and M-C or both C-K and M-C are together, (be careful
at this point, M-N+C-K is two couples, M-N+M-C is a triple) and then subtract cases
where all three are together.

Then, we have to multiply by 2 because Arda and Mert can exchange places. So the
answer is:

2-(6!—2'5!—2-5!—2-5!+4-4!—|—2-4!+2~4!—2-3!)—360
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Exercise 8-19: There are 9 students in a class, Ayca, Batuhan, Cagatay, Damla, Elif,
Turag, Ugur, Volkan, Zehra. We will form 4 project groups from these students. Each
group may contain at least 1 and at most 6 students. In how many different ways can we
do this if

a) Projects are identical?

b) Projects are distinct?

Solution: We can think of this problem as the number of onto functions from a 9 element
set to a 4 element set.

Extend the Stirling table up to 9th level using the formula
S(m,n)=S(m—1,n—1)+nS(m—1,n):

m\n|l 2 3 4 5 6
1 1
2 1 1
3 1 3 1
4 1 7 6 1
5 1 15 25 10 1
6 1 31 90 65 15 1
7 1 63 301 350 140 21 1
8 1 127 966 1701 1050
9 1 255 3025 7770
So:
a) 7770

b) 417770 = 186 480
Second Method:

We can distribute students to subsets as follows:

8\ (6
I1+2+3+3: 9(2)(3)/2:2520 ways

9\ [T\ (5
: =
24+2+2+3: (2)(2)<2>/3. 1260 ways
9\ /5
1+14+3+4: i)\ = 1260 ways
9\ [/5) (3
1+24+2+4: 2=1
+2+2+ <4> (2) (2 / 890 ways
4
1+14+24+5: (2)(2):756 ways
9
1+1+1+6: <6>:84 ways

Total is: 2520 4+ 1260 + 1260 + 1890 + 756 + 84 = 7770 different ways.
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Exercise 8-20: 6 students, A, B,C, D, E, F go to a cafe where there are 3 empty tables.
They take seats such that no table is left empty. In how many different ways can they do

this? (Tables are identical)
3% — (:1)’) 20+ (3)16
=90

3!

Solution:

Second Method: We can distribute 6 elements into 3 setsas 1 —1—4, 1—-2—3, or
2—2-—2

3!

000~

Exercise 8-21: 5 students, A, B,C, D, E go to a cafe where there are 3 empty tables.
One is near the cashier, the second is in the middle and the third is near the window.
They take seats such that no table is left empty. In how many different ways can they do
this?

Solution:
3°—3-2°43-1°=150

Second Method: We can distribute 5 elements into 3 setsas 1 —1—-3orl1—2-—2

(5)+%25

3 21

Now we have to multiply this by 3! because tables are distinct.

253! =150

Exercise 8-22: How many positive integers n less than 900 satisfy ged(n,900) = 17

Solution:
900_@_@_@+900+900+900_ 900
2 3 5 2-3 25 35 2-3-5
= 240
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Exercise 8-23: How many words of seven letters composed of the set {a, b, ¢, d, e} contain

all five symbols?
5 5 5 5
7 _ 47 7 _ 7 17
() G- G 0)

Solution:

OR

5\ 7!
{a,b,c,d,e} + two identical letters, for example a, a : (1) 5 4200

5\ 7!
{a,b,c,d, e} + two distinct letters, for example a,b : <2> 2191 = 12600

4200 + 12600 = 16800
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Week 9—- Generating Functions

Formal Power Series:

N 1_$N+1
Zx” = 14a+22+23 4+ -+ =
~ 11—z
- 1
Zx” = l+a+2?+2°+.. =
—~ l—2z
an = x—’—x2—|—x3—|—..: r
—~ 1—=z
- n,.n 2 3 1
Z(—l)x = l—zs+az"—a’+-- =
— 1+
= 2n 1
Zx = 1422+t 425+
T 122
n=0
- 1
n o _ 2 —
;(nle)a: = 1+4+2x+3x +'”_(1—x)2
1§: +2)(n+1)x 1+ 3z + 627 + - !
=Y (n (n = r + 622 —
2 (1—93)

If we generalize this by evaluating derivatives m — 1 times, we obtain

B

n=0

m(m+1) , mm+1)(m+2) 4 mm+1)(m+2)(m+3) ,
T:E + 3 x° + m rr 4.

We are not interested in convergence here, but the above series converge for |z| < 1.

=1+mzx+

Exercise 9-1: What is the coefficient of #!° in the expansion of
(x4+2?) (@ + 2+ )1 4+2* +a' - )?

(Answer: 7)

Exercise 9-2: In how many ways can we distribute 10 identical balls to three different
children A, B, C' such that A gets 1 or 2, B gets 3 or more, C' gets an even number of
balls?

(Answer: 7, The problems are equivalent)
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Exercise 9-3: In how many ways can we distribute 12 oranges to A, B, C such that A
gets at least 4, B gets at least 2 and C' gets between 2 and 57

(Answer: 14)

Exercise 9-4: Determine the coefficient of z'° in (22 4+ 23 + ---)%.

(Answer: 120)
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(1+22)(1 —x)

Exercise 9-5: Determine the coefficient of '° in the expansion of

Exercise 9-6: In how many ways can we fill a bag with n fruits subject to the following
constraints?

e The number of apples must be even.

e The number of bananas must be a multiple of 5.
e There can be at most four oranges.

e There can be at most one pear.

For example, there are 8 ways to form a bag with 7 fruits:

Apples |6 6 4 4 2 2 0 0
Bananas |0 0 0 O O 5 5 5
Oranges |0 1 3 2 4 0 2 1
Pears 1 0 0110 01
1 1 1—2ab 1 )
(Answer:l_x21_x51_$(1+m):m:1+2x+3x +>

So the answer is simply n + 1.

Exercise 9-7: In how many different ways can we distribute n apples to A, B, C' such
that A gets 0 or 1, B gets 0 or 2, C' gets a multiple of 47

(Answer: 1. The result is independent of n)

Exercise 9-8: In how many different ways can we distribute 75 pieces of chocolate to 5
different children such that each child gets at least 6 and at most 247

Solution: The generating function is:
(566+LL’7—0—-"+3324)5 — x30(1—|—x—|—x2+~~-+x18)5

o (1= 219y
(- a)

— 23001 — 5219 4 10238 — 10257 & 5276 — 295 n n
™ ( x4+ 102 x°" 4+ bx :L‘)E I

n=0

49 30 11
Coefficient of 27 is: (45> -5 (26) + 10( 7) = 78151

Second Method: Give 6 to each, distribute remaining 45 balls randomly. Subtract cases
where one child gets 19 or more. Add cases where two children gets 19 or more, to obtain:

49 30 11
— 1 = 78151
(1) ~5(55) + 107 ) = o15
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Exercise 9-9: We are distributing 33 pieces of identical bonibons to Nilay, Ahmet Can,
Mehmet, Cihan and Biisra with the following constraints:

e Nilay gets a multiple of 6. {0,6,12,...}
e Ahmet Can gets at most 5. {0,1,...,5}
e Mehmet gets a multiple of 4. {0,4,8,...}
e Cihan gets none or 2. {0,2}

e Biigra gets 7 or 8. {7,8}

In how many different ways can we do this distribution?

Solution: The generating function is:
Q+24+ 22+ A +z+-+2) A+ + 28+ )1+ 2D (2" + 28)

1 1— 26 1
= 1+ 2%z (1
1—28 1—2 1—x4( +a%)2’(1+ )

(1 +z)(1+ 2?)
(1 =2)(1+22)(1 —2)(1 +x)

1‘7

(1 —x)?
= 2'(1+2z+32* +42° +--+)

Coefficient of 233 is 33 — 6 = 27. Therefore there are 27 different ways.
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Exercise 9-10: We will buy a total of 100 identical laptop computers from 5 distinct
stores A, B, C, D, FE such that

e We will buy an odd number from A,
e We will buy 0 or 1 from B,
e We will buy 10 or less from C|

e We will buy 7 or more from D.

In how many different ways can we do that?

Solution: The generating function is:

(z+2®+2°+-- )A+a)l+a+-+2) 2"+ +- ) A +az+ 2> +--)

_ x 1+ )1—5611 x’ 1

1 — a2 v l—2z 1—-21—=2
25— 19

T (-o)

_ 8 .19 — (n+3 n
(x°—x )nz%( " ):17

Coefficient of 219 is:

95 84
— =43131
(92) (81) 513
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Exercise 9-11: Find the number of different solutions of the equation n +m + k = 10
where n, m, k are nonnegative integers and n is odd, m is 0 or 1, k is at most 8.

Solution:
(z+2°+2°+ ) (14+2) 1+ +2*+- - +2°)

x 1— 2
- %
1—332( +x)1—x
o x(1—a?)
o (1—a)p?

_ (x—xlo)i(nzl) z"

=0

()-0)-

3

Coefficient of z19:

Exercise 9-12: We will order 6 pizzas. There are 3 types available: Vegetarian, pep-
peroni and margarita. We want at most 3 vegetarian, at most 4 margarita and at least 2
pepperoni. In how many different ways can we order?

Solution:
A+r+22+2)(I+a+22 +23+a) (@@ +23+--+)
1—2%1—2°> 2°

l—2z 1—2 1—=x

P S SR B
(1—x)?

_ 2 6 7 11C>O n+2\ ,
= (-2 x—f-x)Z(n)x

n=0

Coefficient of z5:
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Week 10— Partitions of Integers

Let n be a positive integer. The number of ways we can express n as a sum of positive
integers, where order is NOT important, is called p(n). For example

p(3) = 3, (3,142 1+1+1)
p4) =5
p(5) = T

Question: What is p(8)7

It is the coefficient of 2® in the expansion of:

(1+x—|—5{72+---)(1+m2+x4+---)(1+x3—|—x6—|—---)---(1—|—x8—|—x16—‘f—---)

111 1
S l—z1—221-—23 1—2a8

Note that the result wouldn’t change if we expressed the product as:

A+z+a?+-+2) 1+ 22 + 2 + 2+ 21+ 2° + 2% - (1 4+ 2°)

Exercise 10-1: Find the generating function for the partitions of 11 where components
are distinct.

(Answer: (1+z)(1+2%)---(1+ x”))

Exercise 10-2: Find the generating function for the number of partitions of n where
each component is an odd number.

1 1 1
(Answer: g )

Exercise 10-3: Find the generating function for the number of partitions of n where
each component is an odd number, and it is repeated an odd number of times.

(Answer: A+r+22+2°+-- A+ + 2242+ 1+ 2 2P 2P+ )

Exercise 10-4: Find the generating function for the number of integer solutions of
3p + 5q + 12r = n where 0 < p,q, .

1 1 1
(Answer: S 1_ :1:12)
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EXPONENTIAL GENERATING FUNCTIONS

For a sequence of real numbers ag, a,as, ... the exponential generating function is
defined as:
2 3
x x
flx)=a+ax+ay—+az—+---

2! 3!

The generating function for the sequence 1,1,1,... is e”.
et 4+ e % T _ ¥

For even powers, we can use — and for odd powers, 5

Exercise 10-5: In how many ways can four of the letters of the word ENGINE be
arranged? (Here, order is important)

(Answer: 102)

We can obtain the same result by finding the coefficient of x4/4! in the expansion of:

I2 2
[1+x+§] (1+2)?

Exercise 10-6: A ship carries 48 flags, 12 each of the colors red, white, blue, black.
Twelve of these are placed on a vertical pole.

a) How many such signals use an even number of blue flags and an odd number of black
flags?

(Answer: 411)

b) How many of the signals have at least three white flags or no white flags at all?

(Answer: 412 _12.3% —66 - 310)

Exercise 10-7: Consider all 50 letter sequences made of letters a, b, c.

a) How many of them contain an even number of a’s?

350+ 1)

(Answer:

b) How many of them contain odd number of b’s?

50 _ 1
(Answer: 3 5 )

Exercise 10-8: A set has 10 elements. We will partition it into 4 subsets such that each
subset will have an odd number of elements. In how many different ways can we do this?

1 r _ - 4
(Answer: 5440, Use generating function: 1 (%) )
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Exercise 10-9: There are 32 houses on a street. We will paint each house with one of
the six colors: White, blue, red, yellow, green or orange. For each color, the number of
houses painted must be even.

In how many different ways can we do that?

Solution: The exponential generating function is:

1+x2+x4+ 6 N GE 6
21 4l N 2

e 4+ 6e*® + 15e%® 4 20 + 157 2% 4 Ge 4% 4 ¢ 6
64

32

. x .
Coeflicient of 391 is:

1
E <632+6'432+15'232>

45



Exercise 10-10: Consider all words of length 10 made of the letters in the set {a, b, ¢, d, e, f, g}.
How many contain at least one a, at least one b and at least two ¢?

Solution: Define conditions as:

e P: The word contains no a,

e (): The word contains no b,

e RR: The word contains no c or 1 c.
Then, the answer is:

= N-N(P)-N(Q)—N(R)

+N(PQ) + N(PR) + N(QR)
—N(PQR)

— 710 _ 610 _ 610 _ (610 + 10 - 69)
+510 + (519 +10 - 5%) + (51 + 10 - 59)
— (49 410 - 49)

Second Method: The exponential generating function is:

2 a3 22 o8 x? a3 4
(x—i-g—l-a—i—"') (5—1—?4—) (1+$+§+§+"')

= (e —1)*(e®* — 1 —x)e’®

=e™ — (34 2)e + (3 +22)e% — (1 + 2)e'®

10

The coeflicient of — is:
10!

70 3.6 —-10-6°+3-594+20.57 —41°—_10.4°
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Week 11- Computational Complexity

Growth of Functions: Given two increasing functions, how can we tell which one is

increasing faster?

Big-Oh: Let f(n), g(n) be two functions. We say f(n) = O(g(n)) (f is Big-Oh of g) if

0 < f(n) <cg(n)

for all n > ng. In other words, f(n) = O(g(n)) if g(n) times a constant is greater than
f(n) for sufficiently large n values.

Exercise 11-1: Show that n* = O(e") for all k € Z7.

Exercise 11-2: Show that logn = O(n*) k > 0.

Exercise 11-3: Show that 2" = O(n!)
Big-Theta: We say that f(n) = O(g(n)) (f is Big-theta of g) if

0< ag(n) < f(n) < cgn)

for all n > ngy. In other words, if f(n) = O(g(n)) and g(n) = O(f(n)) then we say
f(n) =©(g(n)).

Exercise 11-4: Show that (n + 1)? = O(n?)

Exercise 11-5: Show that Inn = ©(logn)

Exercise 11-6: Determine the O class of the following:
a) f(n)=n?*-2"—1Inn
b) f(n) =3(n—1)°

c) f(n)=nl—e
(Answer: )a) O(2")
b) ©(n%)

c) O(n!)
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Exercise 11-7: Rank the following functions according to their growth rates:

n,n!, 2", n% n® logn, nlogn,/n,nyn,3", n", 1

Exercise 11-8: Rank the following functions according to their growth rates:

3 n
f(n) =n*+2nvn, g(n) =n*logn—nlogn, h(n)=1+ 3% 4 (§>

Solution: f = O(g), g = O(h). In other words for sufficiently large n we have f < g < h.

Exercise 11-9: Rank the following functions according to their growth rates:

n+n? nl+e, nyn, 4% (n+1)"

Solution:
nvn<n+n*<4®<nl < (n+1)"

Exercise 11-10: Rank the following functions according to their growth rates:

€(n+2), n" + n!7 log(n2), nlog n, (2”)'

Solution:
log(n?) < nlogn < e™? < n" < (2n)!
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For the following questions, write an algorithm in pseudo-code. Then, find the asymp-
totic complexity of the algorithm:

Exercise 11-11: Given an unsorted vector a, find if the element X occurs in a.

Solution:
INPUT vector a
n = size(a)
Fori:=1ton
If a(i) ==
Return True;
EndIf
EndFor
Return False;

(Answer: 0(n))

Exercise 11-12: Given a sorted vector a, find the location of element X

Solution:
INPUT vector a
low =20
high = size(a)
While low < high
mid = (low + high)/2
If a(mid) < X
low = mid+ 1
elseif a(mid) > X
high = mid — 1
else
Return mid;
EndIf
EndWhile
Return NOT FOUND;

(Answer: O(ln(n)))

Exercise 11-13: Sort N numbers by finding the smallest in the list and placing it as the
first:

Solution:
Fori=1to N
index =1

Forj=714+1to N
If A(j) < A(index)

ndex = j
EndIf
EndFor
Swap(A(i), A(index))
EndFor
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Exercise 11-14: Given an array of n elements, check whether all elements are distinct.
Return False if any two are the same.

Solution:
INPUT: Vector A
n = size(A)

Fori=1ton—1
Forj=14+1ton

If A(i) == A(j)
Return False
EndIf
EndFor

EndFor
Return True

Exercise 11-15: Find the time the following algorithm takes based on input size n. In
other words, find © class. You may assume n is a power of 2 for simplicity.

Solution:
INPUT n
S=0; k=1
While £ < n
For j=1ton
S=5+1
EndFor
k=2xk
EndWhile

(Answer: O(nlog, n))

Exercise 11-16: Find the time the following algorithm takes based on input size n. In
other words, find © class. You may assume n is a power of 2 for simplicity.

Solution:

INPUT n
S=0; k=1
While £ < n

For j=1tok
S=5+1
EndFor
k=2xk
EndWhile

(Answer: €0 )

20



Exercise 11-17: The following program checks if all elements of the given vector are
distinct. It returns False if any two are the same. What is the asymptotic growth rate?
(Consider worst case)

Solution:
INPUT: Vector A
n = size(A)

Fori=1ton—1
Forj=174+1ton
If A(G) == A(j)
Return False
EndIf
EndFor
EndFor
Return True

Solution: (n— 1)+ (n—2)+(n—3)+--+2+1 =" _g@n?)

Exercise 11-18: Find the time the following algorithm takes based on input size n. In
other words, find its © class.

Solution:
INPUT n

Sum =0
Fori=1ton

For j =1 to i?

Sum = Sum + j

EndFor

EndFor

nn+1)2n+1) 2n*+3n2+n
6 B 6

Solution: 12 +22 4+ 321+ ... 1 p%2 =

= Complexity of Algorithm is: ©(n?)
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Exercise 11-19: Find a function g(n) such that f(n) = O(g(n)) and g(n) = O(h(n))

but f(n) # ©(g(n)) and g(n) # O(h(n)).
In other words, g(n) should increase faster that f(n) but slower than h(n). For
example: f(n)=n? h(n)=n' = g(n)=n’

a) f(n)=Inn, h(n)=n

b) f(n) =2" h(n)=n"

c) f(n)=n*+n, h(n)=n?+e"

Solution: Many answers are possible, some examples are:
a) vn

b) n! or 3" or n2"

c) n® or n* or 27

Exercise 11-20: We know that Fonki(n) is an algorithm of complexity ©(n) and
Fonk2(n) is an algorithm of complexity ©(n?). Find the complexity of the following
algorithm:

INPUT n

For =1 to 3n
Fonk1(i)
Fonk2(i)

EndFor

For j=1ton
Fonk1(n)

EndFor

Solution:

(1+2+---+3n)+(12+22+---—|—(3n)2) +(n+---+n) = O(n?) +06(n*) + 0(n?
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Week 12— Homogeneous Recurrence Relations

We say that a sequence is defined recursively if some finite set of values, usually the
first few are specified, and the remaining values are defined in terms of the previous ones.
For example, the factorial function defined as: Factorial(0) = 1,
Factorial(n) = Factorial(n — 1) is recursive.
Fibonacci sequence is another example.

Exercise 12-1: Solve the first order recurrence relation a,.1 = 2a,, ay="1.

(Answer: 7 - 2”)

Exercise 12-2: Solve a,, — 3a,_1 =0, a4 =381

(Answer: 3")

Exercise 12-3: Find an explicit formula for a,, where a; =1, as = 5 and
apy1 = Da, — 6a,_1 for n > 2.

(Answer: a, = 3" —2"

Assume the result is 2" like the first order equations. We obtain 22 — 52 +6 = 0. The
solution is 2 or 3, and both 2™ and 3" satisfy the equation. Also, 2" + 3" or any linear
combination of these two satisfy the equation.

The following theorem summarizes these results:

Theorem: Let a, + pa,_; + qa,_o = 0 be a recurrence relation and z? + pxr + ¢ = 0 its
characteristic equation, where p, ¢ are nonzero.

a) If the characteristic equation has two distinct roots r1,re then a, = ¢17r} + cory.

b) If the characteristic equation has a double root r then a,, = ¢;7™ + conr™.

Exercise 12-4: Solve the recurrence relation ag = 1, a; = —3 and a,, = —2a,_1 + 3a,_»
for n > 2.

(Answer: a4 = (-3)n)

Exercise 12-5: How can we obtain the general formula for Fibonacci sequence, given
that Fn = anl -+ Fn72?

L[ (1+v5\" [1-v5\"
Answer: — —
2 2
Assume F,, = ™. In that case, 2" = 2" ! + 2" 2 and 2?2 — 2 — 1 = 0. The solution of

V5
1+v5

this equation gives x; 9 = , therefore the general solution is F,, = c12] + coxl. We

can determine ¢; and ¢y from the initial conditions F; = 1, F, = 1.

Exercise 12-6: Solve a, + a,—1 — 6a,_o =0,n >2, a9=—1,a; =8

(Answer: a, =2" — 2(—3)”).

23



Exercise 12-7: Solve a,19 = ap41 + an, a0 = 0,a; = 4.

Exercise 12-8: (Repeated Root) Solve the recurrence relation a,, 1o = 4a, 11 —4a,,, where
ap = 1, ay = 3

(Answer: a, = 2" + n2"1>

Exercise 12-9: (Repeated Root) Solve the recurrence relation 9a, o = 42a,11 — 49a,,
where a1 = 21,a, = 98

(Answer: a, = 9n (g) )

Exercise 12-10: Solve 2a,.3 = @19 + 20,41 — @, a9 =0,a; = 1,a9 =2

5 1 8 [1\"
. = — — —1 n_ - —
(Answer an = 3 + 6( ) 3 (2) )

Complex Roots

For the following questions, remember the formulas:

z+iy =re?’,  where r = /22 +y2, and # = arctan J
Y Yy T

0

e’ = cosf +isinf
eif 1 =it ol _ o—if
= cos=——, sinfl=—-—
2 21

Exercise 12-11: Solve the recurrence relation a,,2 = 2a,.1 — 2a,, where ag = 1,a; = 2

" nmt . nm
(Answer. an = (V2) <cos 1 + sin 1 ))

Exercise 12-12: Solve the recurrence relation a, .o = 3a,11 — 3a,, where ay = 2,a; = 3

(Answer: an = 2(v/3)" cos F)

Exercise 12-13: Solve the recursion relation

20p19 = —Tapy1 +4a,, ag=9, ag =-9

(amswers o, 3475 (1))
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Exercise 12-14: Solve the recurrence relation a, .o —2a,1+a, = 18,
for n > 0.

Solution: 7> —2r +1=0 = 1z =1 (Double Root)

h __ n n __
a, =c1 1" +conl” =c; +can

a? = An*1" = An?

An+2)?-24n+1)*+An*=18 = A=9

a, = ¢ + con + 9In?

a, =7—8n+ 9n?

Exercise 12-15: Solve the following recursion relations:
a) apio = 6a,11 — 9a,, a =15, ay =126

b) apio+ apy1 +a, =0, ay=4, a; = =5

Solution:

a)a,=kr" = r*-6r+9=0 = r=3

(10:7, (11:8

Ay = k13n + k2n3” = 3k1 + 3l€2 = 15, 9]€1 -+ 18]€2 =126 = kl = —4, kz =9

a, = (—4)3"+9n3"

= 3"(9n —4)

1
b) a,=kr" = r’+4+r+1=0 = r:—§j:—i

ky4 ke =4, k; —ko =231 = k=243, ks =2—3i

N}

27ni —27mni

a, = (2+V3i)e s +(2—V3i)e s

= 4cos (?) — 2\/§sin (?)
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Exercise 12-16: Solve the recursion relation a,, = 10a,_; — 18a,_» with the initial
conditions
apg = 4, ap = 20.

Solution: 2? — 10z + 18 =0

x=5+7

an = c1(5+VT)" + ca(5 — VT)"

n = 0 = 4 = 1+

n =1 = 20 = c;(6+V7)+c(5—V7)

= ¢ =Cc=2

(n = 2[(5 + V)" + (5 — ﬁ)”}

Exercise 12-17: Solve the recursion relation 2a,,, — 8a,+1 + 7a, = 0 with the initial
conditions
ag =16, a; = 32.

Solution: 222 —8x+7=0

2
x:2j:£
2

2\" 2\"
a, = C1 2—1—£ + ¢y 2—£

2 2
n = 0 = 16 = 1+

2 2

n = 1 = 32 = cl<2+§>+02<2—§>
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Week 13— Recurrence Relations and Algorithms

Exercise 13-1: Let ¥ = {0, 1,2}. Let a,, denote the number of n-bit strings that contain
an even number of zeros. Clearly, ag = 1,a; = 2,a5 = 5. What is a,, in general?

We can obtain an n-bit sequence with an even number of zeros as follows: Take an
(n — 1)-bit sequence with an even number of zeros, add 1 or 2. Or, take an (n — 1)-bit
sequence with an odd number of zeros and add 0. This means:

3" +1

ap = 20n_1 + (3"t —ap_1) =a,= 5

Exercise 13-2: Let ¥ = {a,b}. How many words of length n are there that do not
contain aa?

Let’s call this number s,,. Clearly, so = 1,51 = 2,8, = 3. The last two letters of our
word must be ab or bb or ba. To obtain an n letter word that does not contain aa, we can
add b to an n — 1 letter word, or we can add ba to an n — 2 letter word. So

Sp = Sp—1 + Sp—2

_5+3V5 (14v5)" 548v5 (1-v5\"
KT} 2 10 2

Exercise 13-3: In how many different ways can we express n as a sum of 1’s and 2’s,
where order is important?

A ¢ Qp = Qp— n—2, n
( nswer: a Ap_1+ Qp_o a 10 5 10 5

:5+¢5<1+¢5>"+5_¢5<1_¢5>")

Exercise 13-4: Count the number of arithmetic expressions of n symbols made of
0,1,...,9,+, %, /.

5
Answer: a, = 10a,_1 +29a,_>, a,=——=|(b+ 3v6)" — (5 — 3V6 "])

Exercise 13-5: For n > 1 let a,, be the number of ternary strings (containing 0,1,2) of
length n that do not contain 11 or 22. Find and solve a recurrence relation for a,. (Hint:
Consider those ending in 00 separately)

1
(Answer: Up = 2091+ Qp_9, Q= 3 (1+V2)" + (1 - \/5)”“])
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Exercise 13-6: There are n houses around a circular street. We will color them using 5
distinct colors such that any two adjacent houses will have different colors. In how many
different ways can we do this? (The recurrence relation is correct for n > 2)

(Answer: (pio = 3apy1 + 4ay,, a, =4"+ 4(—1)”)

Exercise 13-7: Let A = {0,01,011,111}. For n > 1, find the number of binary strings
of length n made from elements of A.

4 3 owmr V3 . 2n7r>

A. . n — n— n— 271—7 n:—Zn —_ [ —_ -
(nswera Ap—1 + Qp—o + 20,2, @ - +76083+21sm3

Exercise 13-8: Let a,, be the number of regions in the plane obtained by drawing n
lines. For example, a1 =2, as =4, a3 = 7.
(Lines are not parallel, three lines do not intersect at a point)

a) Find a recurrence relation for a,.

b) Find a,.
Solution:

a) ap =ap_1+n
byr—1=0 = da'=c
a? = An? 4+ Bn

An? +Bn—An—-1?>-Bn—-1)=n

1 1
= A=, B=
2 2
, n®+n n®+n
al = a, = c
2 2
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Exercise 13-9: In how many different ways can we express 100 as a sum of 5’s and 10’s
if order is important?

Solution: a,, = a,,—5 + an_10

0 —2>—1=0

s_1£V5
2

T

as = 1, alg = 2 = an, 10 5 10 5

5+¢5(1+¢5>”/"’+5¢5<1¢5)”/5

ai100 — 10946

Or, alternatively, divide by 5 and transform the problem to obtaining 20 using 1’s and
2’s.

Exercise 13-10: The number of laptops manufactured in a factory was 10000 in the first
year, 16000 in the second year, and the average of previous two years after that. How
many laptops were produced on the n* year?

. Ap—1 + Ap—2
Solution: a,, = ——— "=

2
2w —r—1=0
1
r=1lorx=——
2
1 n
an = c1(1)" + ¢ (— —)
2
c
10000:01—52

16000 = ¢; + %

1 n
a, = 14000 + 8000 <— 5)
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Exercise 13-11: An algorithm makes T'(n) operations to solve a problem of input size
n. Find an explicit formula for T'(n) if

a) T'(n) =T(n/2)
b) T(n) = 2T (n/2)

c) T'(n) =al'(n/b)
(Hint consider the transformation n = 2™)
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Week 14— Nonhomogeneous Recurrence Relations

Consider the second order nonhomogeneous relation
ap + Pap_1 +qap_o = kr™

e Solve the homogeneous version of the equation a, + pa,_1 + ga,_o = 0. Call the
solution a”.

e Let a? be any particular solution for the nonhomogeneous equation.

1. If r is not a root of the homogeneous equation, a? = Cr".
2. If r is a single root of the homogeneous equation, a? = Cnr".

3. If r is a double root of the homogeneous equation, a? = Cn?r™.

e The general solution is: a, = a” + aP.

Exercise 14-1: Solve the recurrence relation a,, s —a, 1 —6a, = 14-5", a9 =05, a; = 10
for n > 0.

7 13
(Answer: an = g(—2)" + r 3"+ 5")

Exercise 14-2: Solve the recurrence relation a, o —5a,11+4a, =6-4", a9 =2, a; =6
for n > 0.

2 4 1
A ta, =-4"+ - + —n4"
( nswer: a 3 +3+2n )

Exercise 14-3: Solve the recurrence relation a, o — 16a,,1 + 64a, = 2 - 8"*2,
ap=1, a; =12 for n > 0.

1
(Answer: ay, = (1 —3 n + n2) 8”)

Exercise 14-4: Solve ag =1, a; = 2 and a,, = 2a,,_1 — ap_o + 2 for n > 2.

(Answer: a, = n’®+ 1>

Exercise 14-5: Solve the recurrence relation a,,o — 4a,,1 + 3a, = —200, ay =
3000, a; = 3300 for n > 0.

(Answer: a, = 100 - 3" + 2900 + 100n)
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Generalization of the Method

We can solve recursion relations with the right hand side given below using the same
method:

f(n) | a® candidate

1 a

n an +b

n? an®+bn+c

nF o lagnf + -+ ag

r" ar™

nFr | e (agn® + -+ + ag)

If we have a characteristic root at a?

P, we have to multiply it by n for a single root,
and n? for a double root.
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Exercise 14-6: Solve the recurrence relation 2a,,2 — 9a,.+1 + 9a,, = 10 - 4", ag =
3, ap = 14
for n > 0.

Solution: 5
202 - 92 +9=0 = 2z=3, 5

3 n
CZZ :Cl3n+02 (5) aﬁ:A4n

2442 — 9A4™H 1 944" =10-4" = A=2

3
Cl+02+2:3, 3Cl+562+8:14 = 01:3,02:—2

an—3-3"—2<g> +2-4"

16
Exercise 14-7: Solve the recurrence relation a, o — 4a, = 3 2", ag =3, a; = —2
forn > 0.
Solution:

P —4=0 = z=2 -2

al =1 2" 4 ¢ (—2)" ab = An2"

A(n +2)2"? — 4An2" = ?-2” = A:2

+co=3, 2c —2 —}-4——2 = —2 —7
C Cy = C C - = C1 = —.Co = —
1 2 ’ 1 2 3 1 372 3

(—=2)" + g(n +1)2"

Wl

Ay —
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Exercise 14-8: Solve the recurrence relation a,, — 3a,1 + 2a, = —5, ap =4, a1 =
12
for n > 0.

Solution:
?—3x+2=0 = =21

h

n —

¢ + 2" a? = An

a n

An+2)—3A(n+1)+2An=-5 = A=5
cit+ec=4, c1+2c0=T7T = c=1c=3

apb=1+5n+3-2"

Exercise 14-9: Solve the recurrence relation a, o — 14a,1 4+ 49a, = —6- 7", ag =
1, ay = 11
for n > 0.

Solution:
> —14r+49=0 = 2 =7 (Double Root)

al =, "+ cynT® al = An*7"
A(n + 2272 — 14A(n + 127" +49A0*T" = —42-.7" = A=-=

c =1, —34+T74+T7ca=11 = c3=1

3
Ap = (14‘77/—?712) ™

Exercise 14-10: Solve the recursion relation

3pyo = —17ap41 + 6a,, a9 =13, a; = —21
1 n
(Answer: a, =4(—6)"+9 (5) )
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